Abstract. By a Cantor-like measure we mean the unique self-similar probability measure µ satisfying µ = m−1
Introduction
By a self-similar measure we mean the unique probability measure
where S i are linear contractions on R and p i > 0 are probabilities with m−1 i=0 p i = 1. We restrict our attention to those measures whose support is [0, 1] . It is known that these self-similar measures are either purely singular or absolutely continuous with respect to Lebesgue measure [15] , but it is often difficult to determine which is the case for a particular example.
An interesting class of examples are the Bernoulli convolutions where m = 2, S 0 (x) = x/̺ and S 1 = x/̺ + 1 − 1/̺ for some ̺ ∈ (1, 2). These have been extensively studied since the 1930's when Erdös [7] showed that if ̺ ∈ (1, 2) was a Pisot number, then the Bernoulli convolution was purely singular and later, in [8] , that the Bernoulli convolutions were absolutely continuous for almost all ̺ ∈ (1, 2). For more on the history of these classical problems see [19, 21] .
In [11] , Garsia showed that the notion of entropy was useful for studying the dimensional properties of Bernoulli convolutions. Subsequently, the Garsia entropy was computed for various Bernoulli convolutions, first for ̺ = (1 + √ 5)/2, the golden ratio (a simple Pisot number) in [2] , then for all simple Pisot numbers in [3, 12] , and, finally, for all algebraic integers in [1, 4] . Edson, in [6] , generalized these results in a different direction, considering the contraction factor 1/̺ where ̺ is the root of x 2 − ax − b with a ≥ b and a equally spaced linear contractions. This paper focuses on a different generalization, to the case where ̺ = d is an integer greater than or equal to 2 and m equally spaced contractions S j of the form
where 2 ≤ d < m ≤ 2d − 1. If, for example, d = 3, m = 4 and the probabilities satisfy p 0 = p 3 = 1/8, p 1 = p 2 = 3/8, then the associated self-similar measure is the 3-fold convolution product of the classical middle-third Cantor measure. We call these self-similar Cantor-like measures, (m, d)-measures, and refer to them as uniform if all p i are equal. The dimensional properties of these measures are also of much interest; see, for example, [5, 13, 17, 20] . We use combinatorial techniques to find an (explicit) analytic function T with the property that the Garsia entropy of the uniform (m, d)-measure is given by T (1)/ log 2 d when 2 ≤ d < m ≤ 2d − 1. This is done in Section 3 where we first illustrate the method with the simple case d = 2, m = 3, and then handle the general uniform (m, d)-measure. Bounds are found for the Garsia entropy of the non-uniform (m, d)-measures, a more complicated problem, in Section 4. In Section 5, we use precise information about the function T to give numerically significant estimates for the entropy in the uniform case when 2 ≤ d ≤ 10 and give ranges for the value of the entropy for some non-uniform examples. We begin, in Section 2, with the definition of the Garsia entropy and a discussion of some of the combinatorial ideas we use in the proofs.
As with sets, there is a notion of the Hausdorff dimension of a probability measure µ defined as dim H µ = inf{dim H E : µ(E) > 0}. If µ is a measure on R and dim H µ < 1, then µ is singular. For self-similar measures arising from a set of contractions that satisfy the open set condition there is a simple formula for computing dim H µ (c.f. [9] ). But neither the Bernoulli convolutions nor the Cantor-like measures satisfy this separation property and their Hausdorff dimensions can be difficult to compute. It is a deep result of Hochman [14] (see [4] for details) that the Hausdorff dimension of measures on R satisfying a suitable separation condition (which includes Bernoulli convolutions with contraction factor an algebraic number and the (m, d)-measures) is the minimum of 1 and the Garsia entropy of the measure, thus our results also give new estimates on the Hausdorff dimensions of these measures.
The Hausdorff dimension of a self-similar measure can also be found from its L q spectrum; see [18] for details. Using this approach, infinite series representations have been found in [16] for the Hausdorff dimension of the (d, d+1)-measures and in [10] for Bernoulli convolutions with contraction factor the inverse of a of simple Pisot number. These involve matrix products, hence are less computationally efficient. Numerical values (to four digits) were given in [16] for the special case of the 3-fold convolution of the classic Cantor measure. For this, we will need to introduce further notation. Given σ ∈ {0, 1, . . . , m−1} n , say σ = (σ 1 , σ 2 , . . . , σ n ), we set S σ = S σ1 • · · · • S σn and call σ a word of length |σ| = n. We write p σ for the product p σ1 · · · p σn .
It is possible for S σ = S τ with |σ| = |τ |, but σ = τ ; the Garsia entropy takes into account how often these overlaps occur and the associated probabilities. To compute this, we create a graph where there is a single root, which we can think of as S ∅ (0). The nodes at level n ≥ 1 are the distinct images S σ (0) for |σ| = n and a node S σ (0) at level n is connected to all the nodes of the form S σi (0), i = 0, 1, . . . , m − 1 at level n + 1. We call this the (m, d)-graph. See Figure 1 for an example.
Denote by g n the set of nodes at level n ≥ 0 in the graph. For z ∈ g n , we will denote by [z] n the set of all σ with |σ| = n such that z = S σ (0). We assign weight w z to the node z, where
and we let W n denote the set of all weights w z associated to some z ∈ g n .
The entropy of the n th level of the weighted (m, d)-graph associated with the (m, d)-measure µ is defined as
and the Garsia entropy H µ (hereafter called the entropy) of µ is given by
Another way to describe this calculation is as follows. Put
where denotes the convolution product. These discrete measures converge weak * to µ and suppµ n = {S σ (0) : |σ| = n}. Denote by D n the partition of [0, 1] into (m − 1)d n equally spaced points. Each subinterval [a, b) of D n can be identified with a unique node at level n, namely the node z such that S σ (0) belongs to the subinterval for σ ∈ [z] n . The weight, w z , equals µ n ([a, b)).
With this notation, we have
Thus one can see that h µ (n) = H(µ n , D n ) (where D n is the partition we have described, rather than the partition into 2 n equally spaced points), in the notation of [14] .
In the case of the uniform (m, d)-measure, the measure µ, and hence also h µ and H µ , depend only on m and d, and we will write h m,d and H m,d . The entropy calculation can be simplified in this case: We will let freq(z) denote the number of paths from the root node to z ∈ g n . As p σ = m −n for all σ of length n, w z = m −n freq(z). Thus
If we let f m,d (n, k) denote the number of nodes in level n with frequency k, then we have
Since the total number of nodes at level n (counted by frequency) is m n , this reduces to 
and the related function
Since we assume m ≤ 2d − 1, the largest frequency at level n is at most twice the largest frequency at level n − 1 and thus f (n,
It follows from these bounds that for x small enough, ∂ ∂s F (x, s)| s=1 can be obtained by differentiating the series term-by-term.
2.3. Euclidean tree. The (m, d)-graph is closely connected to the Euclidean tree, as we will explain in Sections 3.1 and 3.2, and will be helpful in studying the entropy of the uniform (m, d)-measure. Here we describe the construction of the Euclidean tree.
Start with two nodes connected by an edge, a root node with label {1, 1} at level n = 0 and a node with label {2, 1} at level n = 1. For each node {a, b} in level n ≥ 1, add two children with labels {a, a + b} and {a + b, b} in level n + 1. This graph is the Euclidean tree and is illustrated in Figure 3 .
Notice that all labels in the Euclidean tree are coprime pairs and that a path from some node {a, b} in the Euclidean tree to the root records the steps involved in executing the simple Euclidean algorithm (the Euclidean algorithm, but with repeated subtraction replacing division) on the pair {a, b}. Define e(k, i) to be the number of steps it takes to reduce the pair {k, i} to their GCD via the simple Euclidean algorithm. For every coprime pair {k, i}, e(k, i) = n if and only if the pair {k, i} is found on level n of the Euclidean tree. We refer the reader to [2] for further description and the history of the Euclidean tree.
Let a(n, k) be the number of times that the integer k occurs as the larger value of a label at level n of the Euclidean tree and let
be the generating function (for occurrences of k in level n) of the Euclidean tree. (In our notation, A k (x) is the functionα(x) in [2] .) Each occurrence of k ≥ 2 as a label (larger or smaller) in the Euclidean tree can be traced up the Euclidean tree to an occurrence as the larger label, and each time k appears as a larger label there is a single line of descendants in which it appears as the smaller label. For instance, the 2 in the label {5, 2} on level n = 3 of the Euclidean tree can be traced back up to the label {1, 2} on level 1. Thus, the family of generating functions for larger and smaller labels in the Euclidean tree is (1
We define Figure 1 shows the first few levels of the (3, 2)-graph associated with the (3, 2)-measure. Each node has three children: a middle child, whose frequency is the same as its parent, and a left and a right child. The left child of a node X is the right child of X's left neighbour, and thus its frequency is the sum of those of its parents. The analogous situation holds for the right child. A node of frequency k induces a column of frequency-k nodes below it.
3.1.1. Generating functions of subgraphs. The first step is to partition the full (3, 2)-graph into subgraphs we call the G and P -subgraphs. We will show that the Gsubgraph is closely related to the Euclidean tree and using this we will see how to compute its generating functions. The P -subgraphs turn out to be very simple in this particular case. Note that the only frequency-one nodes in the graph are on the left and right arcs descending from the top node and in the columns below the nodes in those arcs. It is easy to see that these columns of ones partition the graph into an infinite number of copies of the subgraph depicted in Figure 2 , with two copies starting at each level. We will call the subgraphs between these column of ones the Gsubgraphs. Note, for example, that there are no nodes of the G-subgraph at relative level 0, one node of weight 2 at level 1 and three nodes (two of weight 3 and one of weight 2) at level 2.
We will let G k (x) be the generating function for the number of nodes of weight k at level n of the G-subgraph. For example G 5 (x) = 2x 3 + 4x 4 + . . . . The column of ones that divide various G-subgraphs will be called the P-subgraphs. The generating functions for the P -subgraphs are simply
There is one P -subgraph starting at level 0 and two P -subgraphs starting at each level n ≥ 1. In addition, there are two G-subgraphs starting at level n for all n ≥ 1. This gives the relationship
The G-subgraph essentially consists of two copies of the dual graph of the Euclidean tree, as we now explain. Note that the G-subgraph is symmetric about the middle column of twos. If we take the dual graph of one of its halves, and label each resulting node with the pair of nodes adjacent to it in the G-subgraph (see Figure 3 ), then we get the Euclidean tree. Figure 3 gives the first few levels of the Euclidean tree, as well as demonstrating its duality with the G-subgraph.
Since the generating functions for larger and smaller labels in the Euclidean tree is given by 1 1−x A k (x) for k ≥ 2, as explained in the previous section, the duality relationship between the Euclidean tree and the G-subgraph implies that Figure 3 . The G-subgraph (blue) and P -subgraphs (red) bounding it and the Euclidean tree dual (black) the generating function for the G-subgraph is
Combining this with equation (3.1) shows that for k ≥ 2,
3.1.2. The analytic extension of the entropy generating function.
n be the generating function for the entropies of the levels of the (3, 2)-graph. There exists a function T 3,2 (x), analytic on a disk of radius 3 about 0, such that
Corollary 3.2. With T 3,2 (x) defined as above, we have
Proof. Let U = {x : |x| < 3}. As T (x) = T 3,2 (x) is analytic on U , we see that
Proof of Theorem 3.1. We remind the reader that A(x, s) =
As these sums begin with k = 2 and
while differentiating the series k s F k (x) term-by-term with respect to s gives
From (2.4), we have
where the final equality simply follows from (3.3). Differentiating the series k k s A k (x), simplifying and using the definition of A k yields
Finally, putting
we conclude that
n converges on the unit disk in the complex plane, hence H(x) has an analytic continuation to all |x| < 3, as required. Letting
gives the desired result. 3.2.1. Generating functions of related subgraphs in the general case. In the previous subsection, we used the fact that the (3, 2)-graph can be partitioned into a number of G-subgraphs and P -subgraphs and then showed how the G-subgraph was related to the Euclidean tree. That allowed us to find a generating function for the number of nodes of weight k at level n for the (3, 2)-graph from which we developed the generating function for the entropy.
In this subsection we will extend the notions of the G-subgraphs and P -subgraphs to the more general set up. Unfortunately, the P -subgraphs are no longer simple as Figure 5 . The infinite self-similar graph associated with the (5, 3)-measure they will contain nodes with weights higher than 1. Both graphs are still related to the Euclidean tree however, thus allowing us to derive relations of H(x) as before.
Figures 4 and 5 show the structure of the (4, 3) and (5, 3)-graphs. For a general (m, d)-graph, each node has m children, and in general (assuming the parent has a neighbour on each side), the leftmost and rightmost r = m − d children will be "overlapping" and have a second parent, the first parent's left or right neighbour. This is because S i,j+d = S i+1,j for j = 0, . . . , r − 1 and otherwise, S i,k = S ℓ,j since m ≤ 2d − 1. This leaves d − r non-overlapping children in the middle. The fact that Figure 7 . The G-subgraph (blue) and P -subgraphs (red) bounding it and the Euclidean graph dual (black) two nodes on the same level share a descendent if and only if they are adjacent is the fundamental property that permits our analysis to work.
As before, we will partition the (m, d)-graph into P -subgraphs and G-subgraphs, but the definition of these two subgraphs will need to be modified for this more general case. The P -subgraph will begin with a single node of weight 1 at (relative) level 0. In the (m, d)-graph, this node has m = d + r children. We include in this P -subgraph all children of this node, except the outer r children on the left and on the right. These inner, first level, children will always have weight 1 (regardless of the level of the original graph at which they begin). At the next level, we consider again all children of these d − r nodes, except the outer most r right children of the right most node, and the outer most r left children of the left most node. Note that some of these children will have weight greater than 1. We repeat this process for each lower level with new P -subgraphs beginning on each level on these previously excluded outer most nodes. We see that the outer most children of the P -subgraph have weight 1. Examples of P -subgraphs are given with red nodes in Figures 4 and  5 . Notice that if m = 2d − 1 (r = d − 1), the P -subgraph is a single column of ones, as in the previous section.
We define the G-subgraph to consist of the nodes between two adjacent Psubgraphs (not necessarily arising on the same level). As before, the G-subgraph has no nodes at relative (to the P -subgraphs) level 0. It will have r nodes at relative level 1 of weight 2. Examples of G-subgraphs are given with blue nodes in Figures  4 and 5 .
The generating function, F k , of nodes of weight k at level n for the (m, d)-graph, can again be written in terms of the generating functions of the G-subgraphs and P -subgraphs. Indeed, we see that there is a single P -subgraph starting at level 0, 2r P -subgraphs starting at level 1 and, more generally, there are 2r P -subgraphs starting at every level n ≥ 1. Between each of pair of P -subgraphs there is a Gsubgraph. Thus there are 2r G-subgraphs starting at every level n ≥ 1. This gives us the relationship
(which, of course, coincides with (3.1) in the case d = 2, m = 3).
Having defined the P and G-subgraphs, we now determine their generating functions. First, consider a P -subgraph in the special case r = d − 1. Then the generating function is the same as before, namely P 1 (x) = 1 1−x , P k (x) = 0 for k ≥ 2. If r = d − 1, then the generating function is more complicated. The P -subgraph has a single node of weight 1 at level 0 and d − r children at level 1 of weight 1. These children can also be viewed as the starting node of their own P -subgraph. Between each of these d − r children there is a G-subgraph. This gives us the relations
Note these coincide with the equations given above in the special case r = d − 1 and simplify to (3.5)
Now, consider the G-subgraph. As before, there is a relationship between the G-subgraph and the Euclidean graph. To be more precise, there is a relationship between the generating function for G k (x) and for A k (x). Consider a node in the Euclidean graph {a, b} at level n with children {a, a + b} and {a + b, b} at level n + 1. Between these two children there are r nodes of weight a + b. Each of these nodes can be thought of as the top node of an (a + b) multiple of a P -subgraph. In particular this means that the number of nodes of weight k in one of these (a + b) multiples of a P -subgraph is the same as the number of weight k/(a + b) nodes in a P -subgraph. Between each of these (a + b) multiples of P -subgraphs (of which there are r), there is a (a + b) multiple of a G-subgraph, and there are (r − 1) such G-subgraphs. Similarly, the number of nodes of weight k in one of these (a + b) multiples of a G-subgraph is the same as the number of weight k/(a + b) nodes in a G-subgraph. This gives us the equations G 1 (x) = 0 and
Observe that when m = 3, d = 2, this simplifies to
, as we obtained before.
3.2.2.
The analytic extension of the entropy generating function for the general case. One of the main steps in proving Theorem 3.1 was to find a formula for F k (x) in terms of only A k (x). Before doing this in the more general case, we need to find an additional relationship. Lemma 3.3. With the notation as above, we have
First, assume that m = 2d − 1, r = d − 1. The definitions of G and A, equation (3.6) and the fact that G 1 (x) = 0 imply that
Since P 1 (x) = 1/(1 − x) and P k (x) = 0 for all k ≥ 2, this simplifies to
A(x, s).
Solving for G(x, s) gives
and therefore from equation (3.4) we deduce that
It follows from [2] that A(x, 1) = 2x 1−3x , hence a straightforward calculation gives ∂ ∂s
which is the desired result in this special case. In a similar fashion, one can verify that if r = d − 1, then
It follows from this that
where
.
Taking partial derivatives and evaluating at s = 1 gives the claimed result. 
We can generalize Corollary 3.2 in the obvious way to give Corollary 3.5. With T m,d (x) defined as above, we have
Proof of Theorem 3.4. Again, we begin by recalling that
Using the formula we obtained for ∂ ∂s F (x, s) in the previous lemma and differentiating A(x/m, s) term-by-term, gives
As in the previous theorem, set
As L(x) is analytic on the unit disk, H(x) has an analytic continuation to |x| < m, as claimed. Letting T (x) = log 2 m − R(x)L(x/m) completes the proof.
In Section 5, we will use this generating function to extract an entropy estimate and an error bound for the uniform (m, d)-measures and give explicit numerical results for the case 2 ≤ d < m ≤ 10.
Bounds for the entropy for the non-uniform (m, d)-measures
In this section we consider the non-uniform (m, d)-measures. Recall that the Garsia entropy is given by (see (2.2))
The goal of this section is to prove 
Proof. Set △h n := h µ (n) − h µ (n − 1) for n ∈ N (putting h(0) = 0), so that
Bounds for △h n will then give bounds for the entropy. By definition, △h n = p∈Wn (−p log 2 p) − p∈Wn−1 (−p log 2 p). Note that each node from level n comes from one or two nodes from level n − 1. We partition W n accordingly into I n for those nodes coming from one node at level n − 1, and J n for those nodes coming from two. It is worth noting that the left most m − d and right most m − d nodes at level n are in I n and not J n . With this notation,
Using the fact that m−1 i=0 p i = 1, we can partition the first term to pair with the last two to give: 
To deal with the second term, observe that each node in J n comes from two adjacent nodes from level n − 1, thus we can rewrite the second term of equation 
We concentrate on the last two terms of equation (4.2) . First, write that sum as last two terms = (p,q) adjacent in level n−1
If we let D(x) = x log 2 x + (1 − x) log 2 (1 − x) for x ∈ (0, 1), and the fact that every node appears twice in the sum over (p, q) adjacent nodes at level n − 1, except the first and last, then it is straightforward to check this simplifies to last two terms = (p,q) adjacent in level n−1
Putting the above together, we see that
As before, every node appears twice in the sum over (p, q) adjacent nodes at level n − 1, except the first and last, hence Remark 4.2. We remark that the quantity − m−1 i=0 p i log 2 p i / log d is known as the similarity dimension of this measure and the similarity dimension of a self-similar measure is always an upper bound for its Hausdorff dimension. We also note that if the p i are suitably biased, then m−1 i=0 p i log 2 p i is very small, so the entropy less than 1 and hence the measure is singular.
In the next section we will illustrate this bound in some concrete examples. and the functions R(x) and L(x) = ∞ n=1 ℓ(n)x n are as given in the proof of Theorem 3.4. Since [12] gives |ℓ(n)| ≤ 2/(15 ln 2) for n ≥ 3, we see that This allows us to determine, for each ǫ > 0, an integer N such that H µ differs from the sum of the first N terms by at most ǫ. In Table 1 we have used this to compute the entropy (equivalently, the Hausdorff dimension) of µ for 2 ≤ d ≤ 10 and d < m ≤ 2d − 1 to 10 decimal points. We have also indicated the integer N that was necessary to perform this calculation. All these measures are singular as their entropy is strictly less than one.
5.2.
Non-uniform case. . With this improvement, for the values of t = 1, . . . , 10, we deduce that the entropy H µ belongs to the intervals given in Table 2 . We note that the first entry 1/3, 1/3, 1/3 corresponds to the d = 2, r = 1 case of Table 1 .
Of course, the dimension of any measure µ on R is bounded above by one, hence the upper bounds from this technique only give meaningful bounds on the dimension after the fifth entry when they establish that these measures are singular. .6500224217 .7434395905 Table 2 . Entropy of non-uniform Cantor-like measures
As the lower bound for the entropy for the 
